The diffraction of atoms from stepped surfaces is treated using the semiclassical S-matrix theory. Two different regimes of the behavior of the classical trajectories, regular and chaotic, are considered. For the latter case, the diffraction order function presents a fractal structure, and there is an infinite number of trajectories connecting the initial and final states. Using the scaling laws of the fractal, within the formalism of the S-matrix theory, we have obtained diffraction and specular intensities, which are in fairly good agreement with the experimental and quantum close-coupling results. ͓S0163-1829͑96͒00221-4͔
I. INTRODUCTION
Presently, it is well accepted that diffraction patterns arising in atom-surface scattering are exclusively the result of the interference of each incident particle with itself. 1 Consequently, this process can be best treated within a quantummechanical formalism where the superposition principle holds. However the semiclassical S-matrix theory, as developed independently in the early 1970's by Marcus and Miller, 2 represents an alternative route, since it combines classical mechanics with this quantum principle. The main advantage of this semiclassical analysis is the physical insight gained since the dynamics of the process is explicitly included.
The validity of semiclassical S-matrix theory for elastic atom-surface scattering was tested in the past by Doll, 3a McCann and Celli, 3b and Miller and co-workers, 4 and comparison with other methods showed 4a that the semiclassical S-matrix calculations worked even better than other approximate quantum methods. However the semiclassical theory has several shortcomings that we want to discuss and address in this paper.
The semiclassical theory can be viewed, in a very precise sense, as the stationary phase approximation ͑SPA͒ to quantum mechanics. The SPA is valid whenever ប is small with respect to the total action of the system, and breaks down when neighboring trajectories in coordinate space encounter a caustic. This usually occurs in the vicinity of a classical turning point, and then Maslov's theory 5 should be used, which allows us to uniformize the semiclassical approximation. These are limits inherent to the SPA.
Another failure arises when the SPA is applied to find the semiclassical limit of the S-matrix in scattering problems. The S-matrix elements are constructed using all the classical trajectories connecting the desired initial and final states. If two or more of the contributing trajectories give final states ͑as a function of the initial states͒ that are close together, then the amplitude for the S-matrix element diverges. This is related to the well-known rainbow effect in scattering theory. In this case catastrophe theory 6 can be applied to obtain the appropriate uniform approximations. In the early stages of the semiclassical theory, Connor, Marcus, and Miller 7 developed uniform approximations and showed how these approximations reduce to the usual primitive semiclassical formula when the trajectories are far enough from the catastrophe. Berry 6a studied the case of cusped rainbows in scattering of atoms from a rippling-mirror surface.
Another problem which does not stem from a breakdown of the classical S-matrix theory but is entirely due to the extreme complexity of the dynamics of the system arises when we have irregular or chaotic scattering. 8 In this case there exist an infinite number of classical trajectories connecting the initial and final states. This was observed by Rankin and Miller for a gas-phase chemical reaction, 9 and they proposed to divide the S-matrix sum over trajectories in two terms: a contribution from direct trajectories ͑only a finite number͒, plus a contribution coming from the complex trajectories ͑a countable infinity͒, and computed statistically this last part ͑random phase approximation͒. Other authors have also considered this problem. [10] [11] [12] [13] The approaches range from just summing up a few contributions of complex forming trajectories, such as in the work of Stine and Marcus, 10 to the use of some scaling properties to compute contributions to the scattering cross sections in the more recent work of Refs. 12b and 13b.
The chaotic region, also called the ''chattering'' region, corresponding to complex forming trajectories ͑trapped trajectories in the case of atom-surface scattering͒, presents a fractal structure. This structure appears in all chaotic scattering problems. [14] [15] [16] [17] In a recent paper, Tiyapan and Jaffé 13a have studied the classical dynamics of collisional complexes, formed in gas-phase He-I 2 scattering, and made clear the self-similarity of the fractal structure. From initial phase angle-final action plots, they found the scaling laws, as well as the fractal dimension of the Cantor set. More recently, a classical study 17 of the elastic scattering of the 4 He from the highly corrugated and stepped Cu͑117͒ surface has demonstrated that the dynamics are chaotic for certain values of the incident angle and scattering energy of the incoming atoms. The structure of the corresponding fractal has been analyzed in detail, 17b and we have also demonstrated that the onset of chaos is intimately related to classical surface rainbows. The interest of this system stems from the fact that it has been extensively studied experimentally 18 and close-coupling results 19 are available, and also a variety of other phenomena apart from diffraction, such as surface rainbows and selective adsorption resonances, occur.
In this paper we extend the work reported in Ref. 17 by presenting a quantitative analysis of the chaotic scattering processes taking place in the diffraction of atoms from very corrugated surfaces, Cu͑115͒ and Cu͑117͒, within the semiclassical formalism. A comparison between experimental and theoretical ͑semiclassical and close-coupling͒ results in a chaotic regime is presented.
The organization of the paper is as follows. In Sec. II we will briefly describe the system and the semiclassical S-matrix theory for atom-surface scattering. Results for a regular case will be presented, which can be taken as an illustration of the theory and also constitutes a test case of the semiclassical calculation method for the case of atomstepped surface scattering. Section III reviews the analysis of the fractal structure appearing in the classical chaotic regime, and the scaling laws and fractal dimension are calculated. The consequences of this structure for the classical S-matrix theory are discussed, and results of diffraction intensities for different initial energies and incident angles are presented. These results are compared with quantum close-coupling and experimental results. Finally, we discuss the difficulties involved in our treatment and future developments.
II. SYSTEM DESCRIPTION AND SEMICLASSICAL

S-MATRIX CALCULATIONS
The elastic collisions of 4 He with two stepped Cu surfaces with an increasing degree of corrugation, ͑115͒ and ͑117͒, are studied in this paper. The corrugation of these surfaces lies primarily in the direction perpendicular to the ͓110͔ plane. Thus, we assume that the in-plane scattering predominates. This is confirmed experimentally for the ͑115͒ surface and to a lesser degree for the ͑117͒ surface.
Consequently, we can model this system with the twodegrees-of-freedom Hamiltonian:
where x and z are, respectively, the parallel and perpendicular distances of the He particle to the Cu surface, and V(x,z) a corrugated Morse function whose parameters have been taken from the literature. 18a,19 Note that the zero of the energy scale is defined as the He at infinite separation and at rest.
Classical trajectories are calculated using the following initial conditions for the Hamiltonian's equations of motion:
where z max represents a value of z sufficiently large that the coupling potential can be neglected, b is the normalized impact parameter (0рbр1), and i the initial incident angle. All trajectories are integrated until the He is once again in the asymptotic region ͑zϾz max ͒ with sufficient energy to escape from the surface [H z ( P z ,z)Ͼ0], when all final values of various magnitudes are calculated. All calculations reported here are for a collision energy of 21 meV.
The diffraction intensities are constructed from the S-matrix elements:
where J is an integer labeling the diffraction channel. The semiclassical approximation to the S matrix is given as a sum over trajectories:
The diffraction order function J(b) is defined by
the classical action ⌽ by
and is the Maslov index. 5 The sum in Eq. ͑4͒ is over all classical trajectories satisfying the diffraction condition: this requires that J(b) be an integer. The pre-exponential factors and the classical actions in the terms of the sum ͑4͒ are evaluated at these points. Clearly, all the information required for the evaluation of this sum can be obtained in the construction of the J vs b plots.
Shown in Fig. 1 is the diffraction order function J(b) as a function of the impact parameter b for two cases where only regular or direct scattering occurs: the dashed line is for the ͑115͒ surface of Cu and initial scattering angle of 32°, and the solid one for the ͑117͒ surface and initial angle of 36°. As seen here the diffraction order function is a smooth and well defined function. Consider first the ͑115͒ surface: classical trajectories satisfying the Bragg condition occur for JϭϪ5, Ϫ4,...,3. At each of these values there are two contributing trajectories.
Observe that for the JϭϪ5 and Jϭ3 diffraction channels the two contributing trajectories are close together. In these circumstances the primitive semiclassical approximation is expected to fail and one must use an uniformized approximation, 2 given in this case by . Transitions to the JϭϪ6 and Ϫ7 diffraction channels are classically forbidden but energetically allowed, since they are observed experimentally. The contribution from classically forbidden processes is accomplished by analytical continuation 21 of the diffraction order function at the rainbow angle to find complex solutions satisfying the Bragg condition. In the present case J(b) was fitted to a quartic function in the neighborhood of the rainbow angle, and the complex roots were found. Then the corresponding classically forbidden trajectories were calculated in complexvalued phase space. The primitive and uniform semiclassical approximations for the diffraction intensity becomes in this case
where yϭ͓͑3/2͒Im͑⌽/ប͔͒ 2/3 , pϭ(‫ץ‬J/‫ץ‬b) 1/2 , and ⌽ is the classical action of the classically forbidden trajectory.
The diffraction intensities for He scattering from the ͑115͒ surface of Cu are given in Table I . They are compared with our close-coupling calculations and experimental results ͑note that the in-plane experimental results are normalized to unity 18 ͒. We see that the agreement between the semiclassical and close-coupling results is excellent for both the classically allowed and the classically forbidden transitions.
Next we consider the scattering from the ͑117͒ surface of Cu ͑solid line in Fig. 1͒ . This surface is more highly corrugated and more diffraction channels are open. As a consequence, the intensity in the specular channel decreases in favor of the higher-order diffraction channels. In general, the interaction between the He atom and the surface is stronger and the experimentally observed diffraction pattern has more oscillations. In the present case there are four rainbow angles. Transitions to the diffraction channels labeled by Jϭ Ϫ8, Ϫ7,...,3 are classically allowed, while transitions to the JрϪ9 diffraction channels are energetically allowed but classically forbidden. For the two diffraction channels labelled Jϭ2 and Jϭ3 we expect important contributions to the transition probabilities from the classically forbidden processes associated with the rainbows in addition to the classically allowed contributions. The semiclassical diffraction intensities are compared with the close-coupling results in Table II . The semiclassical results given in the second column were obtained by simply adding the contributions from the classically allowed and classically forbidden trajectories, that is, the interference between these two processes has been neglected. The difference with the close-coupling results is noticeable for the channels Jϭ2 and Jϭ3. Moreover, when adding all calculated intensities, an important loss of unitarity is found. This interference has been included in the results presented in the third column. The contribution from this interference is given by 4qp͓͑ p 1 ϩp 2 ͒Ai͑ϪyЈ͒Ai͑ y ͒cos
where qϭ(yyЈ) 1/4 and ϭ͑⌽ 1 Ϫ⌽ 2 ͒/2បϪRe͑⌽ϩ/4͒. Now, the agreement of the semiclassical results with the closecoupling results is much closer, and the unitarity is fully achieved. To the best of our knowledge, the importance of the interference terms between the classically allowed and the classically forbidden has not been widely recognized.
To this point in the discussion we have not addressed the issue of the Maslov's index. This number is an integer and is related to the topology of the Lagrangian manifold on which 4 He atoms at a total energy of 21 meV from two different surfaces of Cu: a Cu͑115͒ surface at incident angle i ϭ32°͑dashed line͒ and a Cu͑117͒ surface for an incident angle i ϭ36°͑solid line͒. To guide the eye we have included the lines corresponding to channels where either a uniform approximation is needed or the contribution from forbidden trajectories are expected to be important ͑see text͒. the trajectory is confined. Each time the trajectory encounters a caustic the semiclassical approximation suffers a singularity. The semiclassical approximation on both sides of the caustic can be joined by using Maslov's theory. 5 In this manner one discovers that at each caustic one must add a phase to the primitive semiclassical results. This phase is given by the Maslov's index. In the present example there are two types of caustics when we project the Lagrangian manifold on the coordinate plane. These caustics are shown in Fig. 2 . Trajectories at different sides of a rainbow angle differ in the crossing of one caustic, which has the typical form of a cusp. However, we numerically determined that the encounter with this caustic do not cause additional phase change. Thus, all trajectories contributing to a given S-matrix element have the same Maslov's index. Furthermore, since only differences of the classical actions occur in the expressions for the diffraction intensities, Maslov's index plays no role at this level of the theory.
In summary, we conclude that semiclassical S-matrix theory as applied in this section yields diffraction intensities that are in good agreement with close-coupling results for the scattering of atoms from stepped surfaces where the dynamics are regular, and the diffraction order function is a smooth, well-behaved function. In the next section the extension of the classical S-matrix theory to the case that the diffraction order function is an ill-behaved function and the classical dynamics are chaotic will be discussed. Fig. 3 are the diffraction order functions for the scattering of He from the ͑117͒ surface of Cu at incident angles of 45°and 75°. Here, in contrast to the examples seen in the previous section, J(b) is not a smooth, well-behaved function. Rather, it shows ill-behaved chattering regions where, at first sight, the trajectories appear to leave the surface with random values of J. The evidence that the chattering region was not completely random or statistical was presented by Gottdiener for the HϩH 2 reaction. 15 Subsequently, Noid, Gray, and Rice 16 recognized the fractal character of the chattering regions and calculated covering dimension by box counting. More recently, Tiyapan and Jaffé 13 have analyzed the structure of these fractals in greater detail. They have demonstrated the asymptotic self-similarity of the chattering region and have determined the scaling parameters and the fractal dimension. In a subsequent paper they have considered the extension of classical S-matrix theory to chaotic scattering systems. In the present paper we will follow, with minor modification, the procedures discussed there and apply them to the present problem.
III. FRACTAL STRUCTURES AND SCALING LAWS
Shown in
The application of classical S-matrix theory to systems that are chaotic is problematical. The major difficulty is that there are an infinite number of trajectories that contribute to the sum in Eq. ͑4͒. The manner in which to evaluate the sum is not obvious and requires a deep understanding of the structure of the chattering region. If we expand the chattering regions seen in Fig. 3 , we observe that they consist of a series of smooth subdomains, called ''icicles,'' separated by gaps of more irregular behavior. Subsequent expansions show that the same pattern can be seen at every scale, forming a hierarchy of different generations.
The positions of the icicles within the chattering region provide information concerning the dynamics of the system. In the present case, they correspond to trajectories for which a sufficient amount of energy has been transferred from the perpendicular to the parallel degree of freedom so that they are temporarily trapped in the attractive well close to the surface. All of the trajectories associated with a given icicle are characterized by the number of bounces with the surface and the number of unit cells traveled in each bounce. Then, we can use a symbolic labeling to classify the icicles. Icicles in the same generation have the same number of bounces ͑two for the first generation, three for the second, etc.͒ and they differ in the number of unit cells traveled in the last jump. A unique labeling scheme along these lines is discussed in detail in Ref. 17 . In this scheme each icicle in the nth generation is labeled by n signed integers. The values of the integers are equal to the number of unit cells accumulated up to each bounce and the sign of the number indicates whether the icicle appears to the right or left of the central feature in the previous generation. This labeling system will be used throughout this paper.
The self-similarity exhibited by the chattering regions can be understood with expansions of irregular gaps far enough from the center. In Fig. 4 we present the expansions of the irregular gaps between two consecutive pairs of first generation icicles for an initial scattering angle of 75°. In Fig. 4͑a͒ is shown the gap between the ͓42 Ϫ ͔ and the ͓43 Ϫ ͔ icicles and in Fig. 4͑b͒ is shown the gap between the ͓43 Ϫ ͔ and the ͓44 Ϫ ͔ icicles. In our symbolic labeling scheme, these icicles correspond to trajectories that are trapped on the surface for a jump and travel 42, 43, and 44 unit cells, respectively, during the bounces. It is seen that both structures are virtually identical. This same result is observed for any pair of gaps between icicles of any generation provided that their position ͑family͒ within the generation is sufficiently high. In other words, the fractal is asymptotically self-similar. This implies that the icicles posses an invariant shape. This is illustrated in Fig. 5 where we have plotted superimposed images, scaled to unit height and width, of the ͓10 Ϫ ͔, ͓43 Ϫ ͔, and the ͓111 Ϫ ͔ icicles. The existence of an invariant shape of the icicles is quite clear. These results demonstrate the selfsimilarity within a given generation ͑intragenerational selfsimilarity͒.
The self-similarity between different generations of icicles can be demonstrated in the same manner, expanding the central gaps of consecutive generations, until we arrive at an invariant pattern. This suggests that, asymptotically, this 4 He atoms from a Cu͑117͒ surface at a total energy of 21 meV and for an incident angle i ϭ45°. Notice that the third rainbow has turned into a chattering region. ͑b͒ Same as ͑a͒ but for i ϭ75°. Now the three rainbows have reached the trapping conditions giving a much wider chattering region than in the previous case.
FIG. 4. Gaps between: ͑a͒ icicles ͓42
Ϫ ͔ and ͓43 Ϫ ͔, and ͑b͒ icicles ͓43 Ϫ ͔ and ͓44 Ϫ ͔, corresponding to the chattering region of Fig. 3͑b͒ , both drawn to the same scale. The ͑asymptotic͒ selfsimilarity of the fractal is evident. fractal can be characterized by two scaling laws: 13a the first one intragenerational ͑␣͒ and the second intergenerational ͑␤͒. If one is able to determine the two scaling parameters then, in principle, the fractal can be reproduced ͑at least asymptotically͒ from the knowledge of a single icicle.
There are several possible ways of determining the values of the scaling parameters. For each scaling parameter we chose the most convenient.
We first consider the intragenerational scaling parameter. To obtain this parameter we compute the ratios of the widths of neighboring icicles in the first generation
The value of this ratio in the limit i→ϱ gives the value of the intragenerational scaling parameter. In the present case this was determined to be ␣ ϱ Ӎ0.98. Note that this value is valid for both the right-and left-hand sides of the fractal. The intragenerational scaling law is then given by
where W 0 (1) is the width of the central icicle. Care must be taken when using this equation, as it is only valid in the asymptotic region. It should be noted that this scaling parameter can also be obtained by considering other quantities, for example, the height of the icicles, the positions of the icicles, the width of the gaps between icicles, etc. Further it is observed that the same value for this scaling parameter is found for subsequent generations.
In principle, the intergenerational scaling parameter ␤ can be found in a similar way. However it is very difficult to obtain it in this manner due to the loss of numerical precision as one approaches the asymptotic region. For this reason we have developed a different approach based on the relationship between the scaling parameters and the fractal dimension. Tiyapan and Jaffé 13a have shown that
where d is the fractal dimension. They have used this relationship to calculate the fractal dimension. The approach taken here is to calculate first the fractal dimension and then use Eq. ͑12͒ to calculate the intergenerational scaling parameter.
The method that we use to calculate the fractal dimension is based on the existence of a Cantor set underlying the chattering region. This Cantor set is present in all chaotic scattering problems and include all of the trajectories that are homoclinic to the trajectory at infinite separation with the He atom traveling parallel to the surface. It will also include a variety of other trajectories including both hetero-and homoclinic orbits associated with various unstable periodic orbits. 22 The fractal dimension of this Cantor set in terms of the scaling parameters is given by Eq. ͑12͒ above.
The value of the fractal dimension can be determined using the well-known box-counting method. 23 However this requires the use of an extremely large number of intervals as the size of the intervals becomes smaller and is numerically awkward. In the present case we have used an alternative procedure developed by Lau, Finn, and Ott 24 for the calculation of the uncertainty dimension. The uncertainty dimension is equal to the box-counting dimension for typical dynamical systems and is much easier to compute. For our system, we implement this method as follows: We randomly choose an impact parameter b within the chattering region. Then we run two trajectories whose initial conditions correspond to values of impact parameter b and bϩ⑀, where ⑀ is some small uncertainty. These two trajectories are followed until the collision is over. At this point it is determined whether or not the two trajectories are in the same icicle. If they are not, the pair of trajectories are said to be uncertain. We repeat this process, for the same value of the uncertainty, until we have found 100 uncertain pairs of trajectories and then calculate the fraction of uncertain trajectories f (⑀). The fraction of uncertain trajectories is expected to scale exponentially with the fractal dimension, that is,
Plotted in Fig. 6 is the logarithm of the fraction of uncertain trajectories f (⑀) versus the logarithm of the uncertainty parameter ⑀ for nine orders of magnitude. We observe that the uncertain fraction satisfies the relation f (⑀)Ӎ⑀ ␦ . The value of the fractal dimension is then determined from the value of the slope and is given by dϭ0.63Ϯ0.01. Using this value of the fractal dimension, the previously determined value of the intragenerational scaling parameter and Eq. ͑12͒, we determine the value of the intergenerational scaling parameter ␤ to be 0.0003Ϯ0.000 05. At this point we have characterized the asymptotic fractal properties of the chattering region. It is important to observe that these properties for a given crystallographic face are a function of the energy alone and are independent on the incident scattering angle. 25 This result has important consequences from the computational point of view. It implies that the scaling parameters need only be determined once for each energy, and more importantly, can be determined using the most convenient incident angle. The invariance of the fractal properties with respect to the incident angle is related to the partition of phase space ͑actually the energy shell͒ into volumes associated with each of the topologically different families of trajectories. This partitioning represents an invariant fractal tiling of phase space 22 and can be constructed from the intersections of the stable and the unstable manifolds of the unstable trajectory at infinite separation and traveling parallel to the surface. Scattering at different incident angles explores different regions of this invariant fractal tiling, and thus, while the diffraction order function will have different structures, the underlying fractal properties of these structures are determined by the invariant fractal tiling. It can be demonstrated that the invariant shape of the icicles is identical to the shape of the direct region of the diffraction order function for an incident angle of 90°and that the selfsimilar pattern observed in the asymptotic region is in fact identical to the chattering region for an incident angle of 90°. This discussion will be the subject of a future publication. 25 The self-similarity exhibited by these fractals is crucial in the development of new analytical expressions for the S-matrix theory in the chaotic regime. We conclude this section with a discussion of the scaling properties of the quantities required to construct the contributions to the semiclassical S-matrix element from each contributing trajectory. These are the slopes of the diffraction order function and the classical actions for values of the impact parameter that satisfy the Bragg condition. Theoretical considerations 13a lead one to expect that the slope and the difference of classical actions ⌽ 1 Ϫ⌽ 2 scale both as ␣ for the intragenerational case and as ␤ for the intergenerational case. This has been confirmed numerically. The scaling of the contributions to the diffraction intensities is obtained by substituting the asymptotic expansions of the Airy functions
where ⌬⌽ϭ⌽ 2 Ϫ⌽ 1 , into Eq. ͑7͒ and expanding to first order. From this it is determined that the contributions to the diffraction intensities scale as ␣ in the intragenerational case and as ␤ in the intergenerational case.
IV. SEMICLASSICAL S-MATRIX THEORY OF CHAOTIC ATOM-SURFACE SCATTERING
As we stated before, for chaotic scattering problems the existence of an infinite number of trajectories connecting the initial and final states constitutes a great difficulty when trying to do the summation of Eq. ͑4͒. In an attempt, Rankin and Miller 9 assumed that direct collisions and complex forming collisions contributed independently to the transition probability, and treated the complex part statistically. In this section we will check the feasibility of this assumption. Grayce, Skodje, and Hutson 11 considered only specific families of complex orbits to account for the oscillations in chemical reaction probabilities. Very recently, Tiyapan and Jaffé 13b used the scaling laws of the fractal to extend the classical S-matrix theory for the He-I 2 collisions.
In the present treatment of the classical S-matrix theory applied to chaotic atom-surface scattering, the basic assumption is that the direct and complex contributions to the S matrix ͑4͒ can be computed independently, and that inside the chattering region each icicle contributes independently to the scattering intensities, i.e., only the interference between trajectories corresponding to the same icicle is considered. This is equivalent to assume that the interferences between all trajectories in different icicles will cancel out on average. The diffraction intensities thus take the form
͑15͒ The contribution from the direct trajectories is evaluated in the usual way ͑see Sec. II͒, and the contribution from the pair of trajectories in each icicle with the uniform classical S-matrix expression ͑7͒. However we still have a problem since the sum in Eq. ͑15͒ over icicles consists of an infinite number of elements. At this point we can take advantage of the fact that the individual probabilities obey asymptotic scaling laws, which can then be introduced in the second term of Eq. ͑15͒, giving a geometrical series which has a definite limit. For example, the contribution of the first generation, if we separate the central and the asymptotic parts is
where the first term is the contribution of the central icicle, the second the contribution of the M Ϫ1 icicles in the regions where the scaling laws do not hold, and the third term is the asymptotic contribution of the fractal to the first generation. If we now make use of the scaling law ͑11͒, the third term in Eq. ͑16͒ becomes
Now making use of the intergenerational scaling parameter, the contribution of the second generation can then be expressed in terms of the contribution of the first generation as
where the index i runs over all of the gaps in the first generation. And, in general, the contribution from the nth generation is given by
Finally, substituting this result in Eq. ͑15͒ we get
where
The contribution from all of the central gaps has been calculated separately using the scaling parameter ␤ 0 ϭ0.0795 valid only for the central ͑nonasymptotic͒ part of the chattering region. This parameter scales the widths of the central gaps of successive generations,
Let us conclude this part by making the remark that some further approximations have been made in the derivation of Eq. ͑20͒. In particular, it has been assumed that the intergenerational scaling law is valid for all generations, and that the intragenerational scaling law holds for all icicles of the second and higher generations. However, it can be expected that the errors introduced in this way are very small since the value of the parameter and the individual probabilities for icicles on high-order generations are very small. Also, it is important to note that in the calculation of the intensity of each icicle it is very important to use the uniform semiclassical expression ͑7͒, since in the asymptotic region the contributing pair of trajectories are very close.
Using expression ͑20͒ we have calculated the diffraction intensities for the elastic scattering of 4 He atoms from the Cu͑117͒ surface at incident angles of 45°and 75°. The corresponding diffraction order functions were presented in Fig.  3 , where it can be observed that the chattering region for 45°i s much narrower than for 75°. Also these two irregular regions look qualitatively different. However, as we discussed in Sec. III the asymptotic shape of the fractal structure is the same for both incident angles, and we can use the same scaling parameters in both cases. Only the contributions of the direct part and the central icicles in the chattering regions will make the scattering intensities different.
In Table III the results corresponding to i ϭ45°are presented. The semiclassical calculations have been done at three levels of approximation. In the second column we report the result of considering the contribution from the direct scattering and the classically forbidden transitions for Jϭ2. In the third column the contribution from the interference terms with the classically allowed trajectories has been added. Finally, in the fourth column the contribution from the chaotic trajectories, computed using Eq. ͑20͒, has also been considered. The agreement with the close coupling and experimental results is rather good. Moreover, by comparing the different semiclassical results we can conclude that the interference terms are quite important in this case, and on the contrary the importance of the chattering region is very small. Also our calculations show that within the fractal region the first generation gives the largest contribution.
In Table IV the results corresponding to i ϭ75°are presented. In this case only two semiclassical values have been computed. The first one corresponds to the contribution from the direct collisions plus the forbidden contributions for channels JϭϪ7, Ϫ8, and Ϫ9, and in the second one the contribution from the chattering region has been added. The agreement with the close-coupling results is globally acceptable ͑in this case the experimental results have not been included in the table since the in-plane unitarity is very poor͒. Here the contribution from the fractal is more important than in the previous case. In the last column of Table IV we have included the results which are obtained when the chattering region is treated using a statistical ͑Monte Carlo͒ method. 9 In this case, the results obtained in this way are similar to those obtained by the present semiclassical method. At first sight this is very surprising since the chattering region is highly structured. We note that in the present conditions of energy and incident angle the system is close to a selective adsorption resonance condition, 19 a phenomenon where quantummechanical tunneling is crucial. It is possible that the formalism should be modified to take into account classically forbidden processes inside the chattering region, a point which is currently being investigated.
Finally, a number of questions still remains to be studied. Among them we can cite the role of the Maslov's index. In the present calculations we have set their differences to zero, assuming that the conclusions obtained for the regular case ͑Sec. II͒ also hold in the chaotic regime for each individual icicle. However, a more systematic study needs to be done.
V. CONCLUSIONS
Although the nature of atom-surface diffraction process is quantum mechanical in nature, we can use information of the underlying classical dynamics to correctly describe some of the associated observables, and even incorporate properly quantum effects ͑tunneling͒ when the contribution of classically forbidden trajectories is included. This was an important achievement of the classical S-matrix theory two decades ago. 2 The semiclassical approach gives much of the physical insight lost when only the ''correct'' quantum treatment is used. However, the S-matrix theory encounters serious problems when the classical trajectories of the system are chaotic. The dynamics of atom-surface scattering can be very complex, and it is important to recognize how this com- Same as ͑a͒ but including the interference terms between classically allowed and classically forbidden trajectories, which are particularly important in this case.
c Same as ͑b͒ but including the contribution from the chattering region ͓see Fig. 3͑a͔͒ calculated using Eq. ͑20͒. No interference cross terms between the direct and the chattering region were taken into account. Results including the contribution from the direct scattering plus classically forbidden transitions for channels JϭϪ7, Ϫ8, and Ϫ9. No interference between classically allowed and classically forbidden trajectories need to be taken into account ͓see Fig. 3͑b͔͒ . plexity comes out. For a wide range of parameters ͑initial incident angle, total energy or the corrugation of the surface͒ the signatures of classical chaos can be found. In this case the onset of chaos is always related to a loss of enough momentum in the perpendicular mode, due to the corrugation of the surface, so that the atom cannot escape to the asymptotic region and gets trapped. 17 The occurrence of fractal structures in chaotic scattering problems is now a well established fact, and a considerable amount of information has been provided in the past. [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] Analogous features to those found in the present system, and the relation between the dynamics and the structure of the fractals is of universal nature and has been found in different systems, such as atom-molecule collisions. [9] [10] [11] 13, 15, 16 In this paper we have followed most of the procedures proposed in Ref. 13b to extend, making use of the selfsimilarity of the fractal, the ''standard'' classical S-matrix theory, 2 to chaotic atom-surface scattering problems. The agreement found between the semiclassical results obtained with this method and the quantum close-coupling results should stimulate the interest for carrying out similar studies for other elementary processes taking place in the scattering with surfaces, such as the existence of selective adsorption resonances, sticking, or inelastic and diffusive scattering. It is our opinion that within the theoretical formalism developed here that a very interesting view of those processes can be obtained. Also, we have found that the inclusion of the interference terms between classically allowed and classically forbidden processes is very important to get intensities which are unitary. In this paper the influence of the vibrations of the surface and its temperature on the diffraction has not been taken into account. We have started some work along this line, and preliminary results indicate that the trapping probability is highly enhanced when the surface vibrations, even at 0 K, are considered.
